ON THE INVERSE MAPPING CLASS MONOIDS 



R. KAROUI AND V. V. VERSHININ 



Abstract. Braid groups and mapping class groups have many features in common. Similarly 
to the notion of inverse braid monoid inverse mapping class monoid is defined. It concerns 
surfaces with punctures, but among given n punctures several can be omitted. This corresponds 
to braids where the number of strings is not fixed. In the paper we give the analogue of the 
Dehn-Nilsen-Baer theorem, propose a presentation of the inverse mapping class monoid for a 
punctured sphere and study the word problem. This shows that certain properties and objects 
based on mapping class groups may be extended to the inverse mapping class monoids. We 
also give an analogues of Artin presentation with two generators. 



Mapping class group is an important object in Topology, Complex Analysis, Algebraic Ge- 
ometry and other domains. It is a lucky case when the method of Algebraic Topology works 
perfectly well, the application of the functor of fundamental group completely solves the topo- 
logical problem: group of isotopy classes of homeomorpisms is described in terms of automor- 
phisms of the fundamental group of the corresponding surface, as states the Dehn-Nilsen-Baer 
theorem, see [Hj, for example. 

Let Sg^i)^n be an oriented surface of the genus g with h boundary components and a set Q„ of n 
fixed points. Consider the group Homeo(S'g_fe.„) of orientation preserving self-homeomorphisms 
of Sg^h,n which fix pointwise the boundary (if it exists) and map the set Q„ into itself. Orientation 
reversing homeomorphisms also possible to consider, see [1] , for example, but for the simplicity 
of exposition we restrict ourselves to orientation preserving case. Let Yiomeo^ {Sg^h,n) be the 
normal subgroup of self-homeomorphisms of Sg^b,n which are isotopic to identity. Then the 
mapping class group J^g,b,n is defined as a factor group 
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Figure 2. 



These groups are connected closely with braid groups. In [L6l W. Magnus interpreted the 
braid group as the mapping class group of a punctured disc with the fixed boundary. Braid 
groups have a variety of generalizations, see [25], for example. One of generalizations is the 
inverse braid monoid IBn constructed by D. Easdown and T. G. Lavers [5]. 

The notion of inverse semigroup was introduced by V. V. Wagner in 1952 [27]. By definition 
it means that for any element a of a semigroup (monoid) M there exists a unique element h 
(which is called inverse) such that 

a = aba 

and 

b = bab. 

The typical example of an inverse monoid is a monoid of partial (defined on a subset) in- 
jections of a set. For a finite set this gives us the notion of a symmetric inverse monoid In 
which generalizes and includes the classical symmetric group S„. A presentation of symmetric 
inverse monoid was obtained by L. M. Popova [22], see also formulas (12.11) . (12. 31 - 12. 4p below. 



2. Inverse braid monoids and inverse mapping class monoids 

Inverse braid monoid arises from a very natural operation on braids: deleting several strings. 
By the application of this procedure to braids in _Br„ we get partial braids [5J. Applying the 
standard procedure of multiplication of braids (concatenation) to partial braids we need to 
eliminate all not complete strings, as it is shown at Figure 12.11 If all strings are eliminated we 
get an empty braid. The set of all partial braids with this operation forms an inverse braid 
monoid IBn- 

Usually the braid group Bvn is given by the following Artin presentation \T\. It has the 
generators cXj, i = l,...,n — 1, and two types of relations: 

[o'iCTi+iai = aij^iaiai+i . 
There exist other presentations of the braid group. Let 



a = 0102 ■ ■ ■ CTn-l, 
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Figure 2.2. 

then the group i?r„ is generated by a\ and a because 

(Tj+i = crVicr^*, i = 1, ... n — 2. 
The relations for the generators a\ and a are the following 



(2.2) 



cTicrViO" * = crViO" for 2 <% < 



The presentation (12.21) was given by Artin in the initial paper fl]. This presentation was also 
mentioned in the books by F. Klein [13j and by H. S. M. Coxeter and W. O. J. Moser [3J. 

Classical braid group Brn can be defined also as the mapping class group of a disc with n 
points deleted (or fixed) and with its boundary fixed, or as the subgroup of the automorphism 
group of a free group AutF„, generated by the following automorphisms: 




Geometrically this action is depicted in Figure 12. 2[ where Xi correspond to the canonical loops 
on which form the generators of the fundamental group of the punctured disc. 

This topological interpretation of the braid group was continued in [26] for the inverse braid 
monoid. Let Qn the set of n fixed points of a disc D^. The fundamental group of with these 
points deleted is isomorphic to Consider homeomorphisms of onto a copy of the same 
disc with the condition that only k points of Q„, k <n (say ii, . . . ,4) are mapped bijectively 
onto the k points (say ji, . . . , jfc) of the second copy of D"^. Consider the isotopy classes of such 
homeomorphisms and denote the set of them by IMn{D'^)- Evidently it is a monoid. 

Theorem 2.1. [26] The monoids IBn and IMn{D^) are isomorphic. 

The following presentation for the inverse braid monoid was obtained in [5J. It has the 
generators at, a~^, i = 1, . . . ,n — 1, e, and relations 



(2.3) 



ecr,- = (J,e for i > 2, 



aia^ = (jj cTj = 1, for all i, 



ecTie = CTiecTie = ecriecri, 
e = = ea? = (T?e 



'1 — "V 

and the braid relations (12. ip . 

Geometrically the generator e means that the first string in the trivial braid is absent. 



4 KAROUI AND VERSHININ 

If we replace the first relation in (12.31) by the following set of relations 
(2.4) = 1, for all i, 

and delete the superfluous relations 



ecTi 



(Tie 



we get a presentation of the symmetric inverse monoid /„ [22] . We also can simply add the 
relations (12. 4p if we do not worry about redundant relations. We get a canonical map [5] 

(2.5) r„ : /5„ ^ /„, 

which is a natural extension of the corresponding map for the braid and symmetric groups. 

More balanced relations for the inverse braid monoid were obtained in [9]. Let denote the 
trivial braid with ith string deleted, formally: 



The generators are: (Ti,a^ ^, 




n 



1, Cj, i 



n, and relations are the following: 



(2.6) 



,a,- ^ = a, ^cr,- = 1, for all i. 



ejai = atej for j 7^ i,i + 1, 

^ — /i 



1 



plus the braid relations (12.11) . 

If we take the presentation (12.21) for the braid group we get a presentation of the inverse 
braid monoid with generators di, crf^ a, a"^, e, and relations [26] : 



(2.7) 



ecrViO" 



(tVi(j *e for 1 < i < n — 2, 



eaie = aieaie = eo"ieo"i, 



are 



plus (Q. 

Similar to braids the notion of mapping class monoid was introduced in [2^ . The definition 
is as follows. 

It is convenient to consider the surface Sg ^^n, sometimes with n points fixed, sometimes 
deleted. Let / be a homeomorphism of 5^,6,^ which maps k points, k < n, from Q„: {zi, . . . , i^} 
to k points {ji, . . . also from Qn- The same way let hhe a homeomorphism of Sg,b,n which 
maps I points, I < n, from Qn, say {si, si} to I points {ti, . . . , t;} again from Q„. Consider 
the intersection of the sets {ji, . . . ,jk} and {si, . . . , s;}, let it be the set of cardinality m, it 
may be empty. Then the composition of / and h maps m points of Qn to m points (may be 
different) of Qn- If m = then the composition have no relation to the set Qn- Denote the 
set of isotopy classes of such maps by IA4g^b,n- Composition defines a structure of monoid on 
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XM-g h n- It is evident that the monoid XM.g }j^n is inverse, so we call it the inverse mapping 
class monoid. \i g = Q and 6 = 1 we get the inverse braid monoid. In the general case of 
TAig b n the role of the empty braid plays the mapping class group J^g^b (without fixed points). 
Each element / G IM.g^i„n corresponds a (partial) bijection 

{ii, . . . ,4} {ji, . . . 

This defines a canonical homomorphism to the symmetric inverse monoid: 

(2.8) 'Tg,b,n ■ 1M.g,b,n In- 

We remind that a monoid M is factorisable if M = EG where ii^ is a set of idempotents of 
M and G is a subgroup of M. 

Proposition 2.1. t26j The monoid XAig b n can be written in the form 

1M.g^b,n = EM.g,b,n-, 

where E is a set of idempotents ofIAig,b,n cind M.g^b,n is the corresponding mapping class group. 
So, this monoid is factorisable. 

Similar to braids we introduce the idempotent elements Cj G JAig^b^n as isotopy classes of 
identity map 

Id : Sgf, > Sg^f), 

where during isotopy all points of the set Qn are fixed with the exception of the point with 
number i. The element ei is denoted by e. 

We call an element m of the mapping class monoid IA4g^b,n i-Makanin or i-Brunnian if it 
satisfies the equation: 

(2.9) etm = e^. 

Geometrically this means that if we fill the deleted point i at the surface, then a homeomorphism 
h lying in the class m 

h : Sg^f) > Sg^h-i 

becomes isotopical to the identity map 

Id : Sg^b/ {I, . . . ,i, . . . ,n} Sg^b/{1, . . . ,i, . . . ,n}. 
The condition (12. 9p is equivalent to the condition 

'mer(m){i) = eT(m)(i)) 

where r is the canonical map to the symmetric inverse monoid (12. 8p . With the exception of 
ei itself all such elements belong to the mapping class group Aig^^n- We denote the subgroup 
of i-Makanin elements of the mapping class group by Ai. The subgroups Ai, i = l,...,n, 
are conjugate. The intersection of all subgroups of i-Makanin elements is the of Makanin or 
Brunnian subgroup of the mapping class group 

Makg^b,n = n"=iA. 

That is the same as m G Makg^b,n if and only if the equation (12.91) holds for all i. Certain 
properties of Makanin subgroups of the mapping class groups are studied in the work Benson 
Farb, Christopher J. Leininger and Dan Margalit [7J 

The purpose of this paper is to develop further the theory of inverse mapping class monoids, 
to demonstrate that canonical properties of mapping class groups often have there smooth 
continuation for the inverse mapping class monoid IM.g^b,n- 



6 karoui and vershinin 

3. Properties of inverse mapping class monoids 

Following the ideology of considering partial symmetries instead of global ones [15] we can 
define the monoid of partial automorphisms of a group as follows. For a group G consider a 
set of partial isomorphisms 

where H, K are subgroups of G. The composition of / with the isomorphism 

(L, M are subgroups of G) is a superposition of / and g which is defined on (^K fl L)f~^: 

fg:{KnL)f-'^{KnL)g, 

The set of all such partial isomorphisms with this operation form a monoid which is evidently 
inverse and which we call the inverse partial automorphism monoid of a group G and denote 
by IPA{G). 

In the case when the group G is a finitely generated free group -F„ the following submonoid 
EFn of IPA{Fn) was defined in [26] . Let a be an element of the symmetric inverse monoid /„, 
a e /„, Jk = {ji, . . ■ ,jk} is the image of a, and the elements ii, . . . ,ik belong to the domain of 
the definition of a. The monoid EFn consists of isomorphisms 

expressed by 

if i is among ii, . . . ,ik and not defined otherwise and Wi is a word on Xj^, . . . , Xj^. The compo- 
sition of fa and gb, a,b E In, is defined for Xi belonging to the domain of a o 6. We put xj^ = 1 
in a word Wi if xj^ does not belong to the domain of definition of g. We define a map (f)n from 
IBn to EFn expanding the canonical inclusion 

Brn Aut Fn 

by the condition that 0„(e) as a partial isomorphism of F„ is given by the formula 

0n(e)(a;i) 



Xi if i > 2, 
not defined, if i = 1. 



Using the presentation 02.31] we see that 0„ is correctly defined homomorphism of monoids 

(pn '■ IBn EFn- 

The following statement was proved in [26j. 
Theorem 3.1. The homomorphism (pn is a monomorphism. 

As usual, we define the {g, b, n)-surface group as a group with the presentation 



n b g 

T^g,b,n =< ai,Cl, . . . ,ag,Cg,Vi, . . . ,Vb,Ui, . . . ,Un \ JI II ^' II ' 

i=l 1=1 m=l 

In our construction of the inverse mapping class monoid XM.g b^n "we are passing from maps 
which are fixing a set of n points to maps which are fixing the set with a smaller number of 
points. If we consider these points deleted it means we are filling the holes. On the level of 
fundamental groups this means passing to factor group. 
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Let if be a factor group of T^gfi^n, defined by the conditions 

Ui = l for all i ^ {ii, . . . ,ik}, 

and let be a factor group of tTj, & „, defined by the conditions 

Uj = 1 for all j ^ {ji, . . . ,jfc}. 

Let t be an element of the symmetric inverse monoid In, t & In, Jk = {ji, ■ ■ ■ ,jk} is the image 
of t, and elements ii, . . . ,ik belong to the domain of the definition of t. Let Wi be a word on 
letters oi, ci, . . . , ag, Cg,vi, . . . , Vb, Uj^, . . . , Uj^,. Define lAut T^g,b,n consisting of isomorphisms 

such that 

ft{vni) = t;™ for m = 1, . . . , 6, 
ft{ui) = w~^U(^i)tWi, if i is among 

for all subgroups H and K of the type defined above, for all = 0, 1, . . . , n. 

The composition of ft and gs, t,s E In, is defined for Ui belonging to the domain of t o s. We 
put Uj^ = 1 in a word Wi if Uj^ does not belong to the domain of definition of gs- 

By our construction to each element of ft G lAut Tigfi^n the element t e is associated. This 
gives a canonical homomorphism 

(3.1) Tg^b,n- IAut7rg^i„n-^ In- 

For the simplicity of exposition we restrict ourselves to the case of empty boundary which 
was described in the book of W. Magnus, A. Karrass and D. Solitar [18], Sec. 3.7, and we 
denote iTg,o,n by Hg^n- Let us define an equivalence relation in IAutHg^n- for /i and /2 

f,,f2:H-^K. 

We are considering the homeomorphism of a surface with k points deleted (among our n fixed 
points) onto another copy of the surface with (may be) different k points deleted 

h ■ Sg,n/{ii, ...,ik}^ Sg^n/iii, ■ ■ ■ ,jk}- 

In such a case it is reasonable to consider the bijection between the conjugacy classes of 
Tii{Sg^n/ {h, ■ ■ ■ ,'ik}) and 'n'liSg^n/iji, ■ ■ ■ , jk}) as an algebraic image of h. This equivalence 
is in fact a congruence on the monoid lAut Wg^n and we denote the corresponding factor monoid 
by I Out TTg^n- This is similar to the classical case of groups when it is necessary to factorize 
by inner automorphisms. The homomorphism Tg^b,n '■ lAut Hg^b.n In of (13.11) factors through 
lOut TTg-n and we have a homomorphism 

(3.2) Tg^b,n '■ IOutng^b,n ^ In- 

These considerations also define a homomorphism of monoids 

tpg^n ■ IMg^n lOut Tlg^n- 

which is compatible with homomorphisms Tg b^n of (12.81) and (13. 2p . 
Theorem 3.2. The homomorphism ipn is an isomorphism of monoids. 

Proof. Monoid lAig^n as a set is a disjoint union of copies of mapping class groups Mlg^k, for 
k = 0, . . .n, namely, copies of Adg^k for each k. Our constructions are done so that for each 
copy of Aig^k the map tpg^n is a bijection because of the Dehn-Nilsen-Baer theorem. □ 
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4. Inverse mapping class monoids for punctured sphere 

The following presentation for the mapping class group of a punctured sphere Aio,n was ob- 
tained by W. Magnus [IB], see also^lSj. Let cxi, . . . , o"„_i, denote the classes of homeomorphisms 
such that (jj locally interchanges the points with numbers i and i + 1. Then the presentation 
has generators cxi, . . . , o"„_i, which satisfy the braid relations fl2.ip . the sphere relation 

(4.1) 0-10-2 . . . 0-„_20-^_iO-„-2 • • • 0-20-1 = 1 

and the following relation 

(4.2) (ori(T2...a„-2Cr„-l)" = 1. 

Let A be the Garside's fundamental word in the braid group Br^ [S]. It can be in particular 
defined by the formula: 

A = 0-1 . . . o-„_iO-i . . . o-„_2 . . . 0-1O-2O-1. 
If we use Garside's notation Ilf = ai . . . at, then A = n„_i . . . Hi. If the generators 0-1,0-2,..., 
c"n-2, cr„_i, are subject to the braid relations fl2.ip . then the condition fl4.2p is equivalent to the 
following 

A^ = l. 

If we consider the presentation of the braid group with two generators the sphere relation 
has the form 



a (cr^ a) = 1, 



and the sphere mapping class relation is 



So, the mapping class group A^o.n in two generators is described by the braid relations and the 
following two relations 



(4.3) 




1, 

arV)"-i = 1. 



Theorem 4.1. We get a presentation of the inverse mapping class monoid for punctured sphere 
^■Mo,n if we take the generators ai, 0-2, . . . , o-„_2, o-„_i, af^ 0^2"^ . . . , cy~\, <y~\, e (or ei, 
€2, ■ ■ ■ , Cn-i, e„ instead of one e) subject to the sphere braid relations h2.1\ ( [^.ip , the sphere 
mapping class relation '^'^^ the inverse braid relations Ii2.3\) (or l{2.6\) . 

Proof. We use the fact that the mapping class group A^o,o,n is a factor group of the n-string 
braid group for sphere and the ideas of the proof of the presentation fl2.3p for the inverse braid 
monoid IBn in the work [S]. 

Denote temporarily by P„ the monoid defined by the presentation by the generators o"i, 0-2, 
. . . , o-„_2, (Jn-i, '^2^y • • • ; '^n-i; ^ the Sphere braid relations fl2.1l 04.10 . the sphere 

mapping class relation (14.21) and the inverse braid relations (12.30 . To define a map 

e-.Pn^ Mo,n 

we associate to each word in the alphabet on letters 0-1,0-2,..., 0-^-2, o'n-i, (^i^, 0-^^, • • • , <^n-2y 
Cn-iy ^ the corresponding composition of (classes of) homeomorphisms. To juxtaposition of 
words there evidently corresponds the composition of (classes of) homeomorphisms. The fact 
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that G is well defined (respects the relations) for some relations are classical facts, for others 
it is evident, probably, with the exception of the third relation in fl2.3p . The equalities of this 
relation follow from the fact that all four given classes (containing identity) ignore the first two 
points. 

Let efc+i,n denote the the isotopy class of of a homeomorphism that fixes the first k point and 
does not care about the rest n — k points. On the level of braids (on a sphere) it corresponds to 
the partial braid with the trivial first k strings and the absent rest n — k strings. The element 
^k+i,n can be expressed using the generator e or the generators ej as follows 

(4.4) ek+i,n = eo'n-i • • • o-fc+iea„_i . . . (7^+26 . . . ean~i<yn-2^<yn~i^, 

^k+l,n = ^k+l^k+2 ■ ■ ■ ^n, 

From our construction of the inverse mapping class monoid it follows that every element of 
^•M.o,n represented by a homeomorphism h of Sg^b,n which maps k points, k < n, from Qn- 
{ii, . . . , ifc} to k points {ji, . . . ,jk} from Q„ can be expressed in the form 

(4.5) (Tij . . . (Ji . . . cJij^ . . . (Tfc ek+i,n X ek+i,n <^k . . .aj^ . . .ai . . .ajj^, 

k E {0, . . . , n}, X G A4o,k, 0<ii<---<ik<n — 1 and < ji < ■ ■ ■ < jk < n — 1. 

Geometrically this means that we first send the points {ii, . . . , ik} to the points {1, . . . , k}, 
then apply a homeomorphism from the mapping class group A4o,k, and then send the points 
{1, k} to the points {ji, . . . ,jk}- 

Note that in the formula (14. 5 p we can delete one of the ek+i,n, but we shall use the form 
(14.51) because of convenience: two symbols ek+i,n serve as markers to distinguish the elements 
of Mo,k- 

The element x belongs to the mapping class group A^o,fc, so it can be expressed as a word on 
the letters cxi, (T2, . . . , dk-i, erf ^, cr^\ . . . , This proves that homomorphism 6 is onto. 

Let us prove that G is a monomorphism. Suppose that for two words Wi, W2 € Pn we have 

e{Wi) = e{W2). 

It means that the corresponding homeomorphisms both map the set of points {ii, . . . ,ik} onto 
the set of points {ji, . . . ,jk} and they are isotopic in the class of homeomorphisms mapping 
{ii, . . . , ik} onto {ji, . . . ,jk}- Using relations (12.11) and (12.31) the same way as in (S] transform 
the words Wi , W2 into the form (14.51) 

a{ii, ...ik] k)ek+i,nxek+i,ncr{k;ji, . . .jk). 

Then the corresponding fragments a{ii, . . .ik, k) and a{k,ji, . . .jk, k) for Wi and W2 coincide. 
The elements xi of Wi and X2 of W2, which are the words on cxi, . . . , and cxf \ . . . , (T^\ 
correspond after to isotopic homeomorphisms 

hi,h2 : So^k So^k, 

Hence Xi can be transformed into X2 using relations for the mapping class group A^^fc- So, the 
words Wi and W2 represent the same element in □ 

Proposition 4.1. We get a presentation of the inverse mapping class monoid for punctured 
sphere XM-q ^ if we take the generators (Xi, a, crf"*^, a^^ , e subject to the relations Ii2.^) . ^2. ?| j 
and . 
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□ 

The generators ej commute with A in the following way [26]: 

ejA = Atn+i-i- 

Let S be the monoid generated by one idempotent generator e . 

Proposition 4.2. The abelianization of A4o,n, n > 2, is isomorphic to £ ® Z/mZ, where 
m = 2{n — 1) i n is even and m = {n — 1) if n is odd. The canonical map of abelianization 

a : Mo,n S® Z/mZ 

is given by the formula: 

a{ei) = e, 
a{ai) = 1. 

□ 

The mapping class groups TMo.n are centerless for > 3 (TU]. So this gives the possibility to 
understand the center of XA^o.n- Denote by A1o,n;i;j (one-element) subsets of XAio n consisting 
of the class of homeomorphisms with the only condition that they send the point i to the 
point j and denote by A^o,n;ii,i2;ii,i2 (two-element) subsets of X7Vlo,n consisting of the class 
of homeomorphisms with the only condition that they send the two-point set {^1,^2} to the 
two-point set {ji,j2} (cf- Examples 2 ans 3 below). 

Proposition 4.3. The center of lAio^n consists of the disjoin union 

C{IMo,n) = Mo,0 n (IljjTWo, n;i;i) U (il{h,i2},{hJ2}^0,n;ii,i2; h,j2 

□ 

5. The word problem 

R. Gillette and J. Van Buskirk in [10] obtained an analogue of the Markov normal form for 
the sphere braid groups -Br„(S'^) and for the punctured sphere mapping class group A^o,n- This 
form can be obtained algorithmically, so, it gives a solution of the word problem. These ideas 
can be applied to the cases of inverse braid and mapping class monoids. 

Let us remind the main points of the Markov's construction. Define the elements Sij, 1 < 
i < j < m, of the classical braid group -Br^ by the formula: 

These elements satisfy the following Burau relations: 

Si,jSk,i = Sk,iSij ioT i < j < k < I and i < k < I < j, 

-|^^ ^ ^i,j^i,k^ j,k ^i,k^j,k'^i,j ^ ^ j k, 

^i,k^ j,k^i,j ^j,k^i,j^i,k ^ j kj 

^Si,kSj,kSj,is~l = Sj^kSj,is~lsi^k foT i < j < k < I. 

The elements Sij with the relations (15. ip give a presentation of the pure braid group Pm 
Let us define the elements ak^i, l<k<l<mhj the formulas 

'^k,k = e, 
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We denote by the same symbols the images of the defined elements in the braid group of a 
sphere. Let w{xi, ...,Xm) be a word with (possibly empty) entries of xf, where Xj are some 
letters and 6 may be ±1. 

Theorem 5.1. [10] Every element of the group BrniS"^) can be uniquely written in the form 

where elements Sjj+i, Sj^n-i generate a free group and 6 may be ±1. There exists an algorithm 
of obtaining the normal form for any word on letters cxi, . . . , cr„_i, which gives a solution of the 
word problem for Br^lS'^). 

Theorem 5.2. [10] Every element of the group 7Vlo,n can be uniquely written in the form 

where elements Sjj+i, sj^n-i generate a free group and 6 may be ±1. There exists an algorithm 
of obtaining the normal form for any word on letters cxi, . . . , o"„_i, which gives a solution of the 
word problem for Aio,n- 

Theorem 5.3. Every word W in IBr^lS'^) can be uniquely written in the form 

CTj^ . . . 0"! . . . CTjj. . . . (Tfcefc+l,nXefc+i,riO"fc . . . 0"-,^. . . . (Ti . . . (Tj^ , 

k E {0, . . . , n}, X G Brk{S'^), 0<ii<---<ik<n— 1 and < ji < ■ ■ ■ < < n — 1. 

where x is written in the Markov normal form for Brk{S'^) 

Proof. It follows from the proof of Theorem 3.1 in [26]. □ 
Theorem 5.4. Every word W in IAio,n can be uniquely written in the form 

. . .ai . . .Oi^ . . . ak^k+iMxek+i^nO'k . . . a . . . ai . . . a j^, 
G {0, . . . , n}, X G A^o,n5 0<2i<---<Zfc<'n, — 1 and < ji < ■ ■ ■ < jk < n — 1. 

where x is written in the Markov normal form for lAio^n 

Proof. It follows from the proof of Theorem 14.11 □ 

6. Examples 

1. The monoid XA^o,o consists of one element of the identical map of a sphere 

Id : Sofl 5*0,0, 

2. The monoid TA^o,i consists of two elements, say, unit 1 and the idempotent e. 

3. The mapping class group A1o,2 is isomorphic to the symmetric group S2, so the inverse 
mapping class monoid XA^o,2 is isomorphic to the symmetric inverse monoid l2- 

4. The mapping class group A^o.s is isomorphic to the symmetric group S3, so the inverse 
mapping class monoid TA^o.s is isomorphic to the symmetric inverse monoid I3. 

5. The mapping class group of a once-punctured torus is isomorphic to the three-strand 
braid group -B3 and mapping class group of a torus (without punctures) is isomorphic to the 
unimodular group SL2'L which is considered as a factor group of B^, 

p : B3 ^ SL2Z. 

by the relation = 1. So the inverse mapping class monoid lAii^i as a set is a disjoint union 

IMi^i = B3USL2Z. 
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Multiplication of elements b ^ and a G SL2IJ is defined as follows: 

a ■ b = ap{b), b ■ a = p{b)a. 
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